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Wavelet regularization of gauge theories
M. V. Altaisky
Space Research Institute RAS, Profsoyuznaya 84/32, Moscow, 117997, Russia∗
(Dated: December 9, 2019)
Extending the principle of local gauge invariance ψ(x)→ exp
(
ı
∑
A
ωA(x)TA
)
ψ(x), x ∈ Rd, with
TA being the generators of the gauge group A, to the fields ψ(g) ≡ 〈χ|Ω∗(g)|ψ〉, defined on a
locally compact Lie group G, g ∈ G, where Ω(g) is suitable square-integrable representation of G,
it is shown that taking the coordinates (g) on the affine group, we get a gauge theory finite by
construction. Renormalization group in the constructed theory relates to each other the charges
measured at different scales. The case of the A = SU(N) gauge group is considered.
PACS numbers: 03.70.+k, 11.10.Hi
I. INTRODUCTION
Gauge theories form the basis of modern high energy
physics. Quantum electrodynamics (QED) – quantum
field theory model based on the invariance of the La-
grangian under local phase transformations of the mat-
ter fields ψ(x) → eıw(x)ψ(x) – was the first theory suc-
cceed to describe the effect of the vacuum energy fluc-
tuations on atomic phenomena, such as the Lamb shift,
with extremely high accuracy of several decimal digits
[1]. The crux of QED is that representing the matter
fields by square-integrable functions in Minkowski space
it yields formally infinite Green functions, unless a spe-
cial procedure, called renormalization, is applied to the
action functional [2, 3]. Much later, it was discovered
that all other known interactions of elementary particles,
viz. weak interaction and strong interaction, are also
described by gauge theories. The difference from QED
consists in the fact that the multiplets of matter fields are
transformed by unitary matrices ψ(x)→ U(x)ψ(x), mak-
ing the theory non-Abelian. Due to ’t Hooft, we know
such theories to be renormalizable, and thus physically
meaningful [4]. Now they form the standard model (SM)
of elementary particles– an A = SU(2)× U(1)× SUc(3)
gauge theory supplied with the Higgs mechanism of spon-
taneous symmetry breaking.
A glimpse on the stream of theoretical papers in high
energy physics, since [2] till present time, shows that
renormalization takes a bulk of technical work, although
the role of it is subjunctive to the main physical principle
of gauge invariance, explicitly manifested in the existence
of gauge bosons – the carriers of gauge interaction. The
role of renormalization group (RG) is to view the physics
changing with scale in an invariant way depending on
charges and parameters related to given scale, absorbing
all divergences in renormalization factors.
According to the author’s point of view [5], the cause
of divergences in quantum field theory is an inadequate
choice of the functional space L2(Rd). Due to the Heisen-
berg uncertainty principle, nothing can be measured at a
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sharp point: it would require an infinite momentum ∆p
to keep ∆x→ 0 with ∆p∆x ≥ ~2 . Instead, the values of
physical fields are meaningful on a finite domain of size
∆x, and hence the physical fields should be described
by scale-dependent functions ψ∆x(x). As it was shown
in previous papers [5–7], having defined the fields ψa(x)
as wavelet images of square-integrable fields, we yield a
quantum field theory of scale-dependent fields – a theory
finite by construction with no renormalization required
to get rid of divergences.
The present paper makes an endeavour to construct
a gauge theory based on a local unitary transformations
of the scale-dependent fields: ψa(x) → Ua(x)ψa(x). The
physical fields in such theory are defined on a region of
finite size ∆x centred at x as a sum of all scale compo-
nents from ∆x to infinity by means of inverse wavelet
transform. The Green functions are finite by construc-
tion. The RG symmetry represents the relations between
the charges measured at different scales.
The remainder of this paper is organized as follows. In
Section II I briefly remind the formalism of local gauge
theories, as is applied to Standard Model and QCD.
Section III summarises the wavelet approach to quan-
tum field theory, developed by the author in the pre-
vious papers [5–7], which yields finite Green functions
〈φa1(x1) . . . φan(xn)〉 for scale-dependent fields. Its ap-
plication to gauge theories however remains cumbersome.
Section IV is the main part of the paper. It presents
the formulation of gauge invariance in scale-dependent
formalism, setups the Feynman diagram technique, and
gives one-loop contribution in a pure gauge theory to
three gluon vertex in scale-dependent Yang-Mills theory.
The developed formalism is aimed to catch the effect of
asymptotic freedom in non-Abelian gauge theory finite
by construction, and hopefully, with fermions being in-
cluded, to describe the color confinement and enable an-
alytical calculations in QCD. The problems and prospec-
tives of the developed methods are summarised in Con-
clusion.
2II. LOCAL GAUGE THEORIES
The theory of gauge fields stems from the invariance of
the action functional under the local phase transforma-
tions of the matter fields. Historically, it has originated
in quantum electrodynamics, where the matter fields, the
fermions, are described by the action functional
SE =
∫
d4x
[
ψ¯γµ∂µψ + ımψ¯ψ
]
. (1)
(Written in Euclidean notation, with γ-matrices satisfy-
ing the anticommutation relations {γµ, γν} = −2δµν .)
The action functional (1) can be made invariant under
the local phase transformations
ψ(x)→ U(x)ψ(x), U(x) ≡ eıw(x) (2)
by changing the partial derivative ∂µ into covariant
derivative
Dµ = ∂µ + ıAµ(x). (3)
The modified action
S′E =
∫
d4x
[
ψ¯γµDµψ + ımψ¯ψ
]
(4)
remains invariant under the phase transformations (2) if
the gauge field Aµ(x) is transformed accordingly:
AUµ = U(x)Aµ(x)U
†(x) + ı (∂µU(x))U
†(x). (5)
Equation (2) represents gauge rotations of the matter
field multiplets. The matrices w(x) can be expressed in
the basis of appropriate generators
w(x) =
∑
A
wA(x)TA,
where TA are the generators of the gauge group A, acting
on matter fields in fundamental representation. For the
Lie group they satisfy the commutation relations
[TA, TB] = ıfABCTC ,
and are normalized as Tr[TA, TB] = TF δ
AB; where
TF =
1
2 is a common choice. For the Yang-Mills the-
ory I assume the symmetry group to be SU(N) with the
number of generators N2 − 1. The trivial case of N = 1
corresponds to the Abelian theory – quantum electrody-
namics.
The Yang-Mills action, which describes the action of
the gauge field Aµ(x) itself, should be added to the action
(4). It is expressed in terms of the field strength tensor
SYM [A] =
1
2g2
∫
Tr(FµνFµν)d
4x, (6)
where
Fµν = −ı[Dµ, Dν ] = ∂µAν − ∂νAµ + ı[Aµ, Aν ] (7)
is the strength tensor of the gauge field, and g is a formal
coupling constant obtained by redefinition of the gauge
fields Aµ → gAµ.
It should be noted, that the free field action (1), that
has given rise to gauge theory, was written in a Hilbert
space of square-integrable functions L2(Rd), with scalar
product 〈ψ|φ〉 =
∫
ψ¯(x)φ(x)ddx. In what follows the
same will be done for more general Hilbert spaces.
III. SCALE-DEPENDENT QUANTUM FIELD
THEORY
The observation scale
The dependence of physical interactions on the scale
of observation is of paramount importance. In classical
physics, when the position and the momentum can be
measured simultaneously, one can average the measured
quantities over a region of a given size ∆x centred at
point x. For instance, the Eulerian velocity of a fluid,
measured at point x within a cubic volume of size ∆x, is
given by:
v∆x(x) :=
1
(∆x)d
∫
(∆x)d
v(x)ddx.
In quantum physics it is impossible to measure any
field φ sharp at a point x. This would require an infinite
momentum transfer ∆p ∼ ~/∆x, with ∆x → 0 making
φ(x) meaningless. That is why, any such field should
be designated by the resolution of observation: φ∆x(x).
In high energy physics experiments the initial and final
states of particles are usually determined in momentum
basis |p〉 – the plane wave basis. For this reason, the
results of measurements, i.e., the correlations between
different events, are considered as functions of squared
momentum transfer Q2, which play the role of observa-
tion scale [8, 9].
In theoretical models the straightforward introduction
of a cutoff momentum Λ as the scale of observation is not
always successful. A physical theory should be Lorentz-
invariant, provide energy and momentum conservation,
may have gauge and other symmetries. The use of the
truncated fields
φ<(x) :=
∫
|k|<Λ
e−ıkxφ˜(k)
ddk
(2pi)d
may destroy the symmetries. In the limiting case of
Λ → ∞ this returns to the standard Fourier transform
making some of the Green functions 〈φ(x1) . . . φ(xn)〉 in-
finite, and the theory meaningless. Practical solution of
this problem was found in renormalization group (RG)
method [10], first discovered by in quantum electrody-
namics [2]. The bare charges and the bare fields of the
theory are then renormalized to some ’physical’ charges
and fields, the Green functions for which become finite.
3The price to be paid for it is the appearance in the the-
ory of some new normalization scale µ2. The comparison
of the model prediction to the experimental observations
now requires the use of two scale parameters (Q2, µ2)
[10].
Significant disadvantage of the RG method is that in
renormalized theories we are often doomed to ignore
the finite parts of the Feynman graphs. The solution
of the divergences problem may be the change of the
functional space to the space of functions that explicitly
depend on both the position and the resolution – the
scale of observation. The Green functions for such fields
〈φa1(x1) . . . φan(xn)〉 can be made finite by construction
under certain causality conditions [7, 11].
The introduction of resolution into the definition of the
field function has a clear physical interpretation. If the
particle, described by the field φ, have been initially pre-
pared in the interval (x− ∆x2 , x+
∆x
2 ), the probability of
registering this particle in this interval is generally less
than unity: for the probability of registration depends
on the strength of interaction and on the ratio of typ-
ical scales of the measured particle and the measuring
equipment. The maximum probability of registering an
object of typical scale ∆x by the equipment with typi-
cal resolution a is achieved when these two parameters
are comparable. For this reason the probability of reg-
istering an electron by visual range photon scattering is
much higher than by that of long radio-frequency waves.
As mathematical generalization, we should say that if a
measuring equipment with a given spatial resolution a
fails to register an object, prepared on spatial interval of
width ∆x with certainty, then tuning the equipment to
all possible resolutions a′ would lead to the registration:∫
|φa(x)|2dµ(a, x) = 1, where dµ(a, x) is some measure,
that depends on resolution a. This certifies the fact of
the existence of the measured object.
A straightforward way to construct a space of scale-
dependent functions is to use a projection of local fields
φ(x) ∈ L2(Rd) onto some basic function χ(x) with good
localization properties, in both the position and momen-
tum spaces, and scaled to a typical window width of size
a. This can be achieved by using continuous wavelet
transform [12].
Continuous wavelet transform
Let H be a Hilbert space of states for a quantum field
|φ〉. Let G be a locally compact Lie group acting tran-
sitively on H, with dµ(ν), ν ∈ G being a left-invariant
measure on G. Then, any |φ〉 ∈ H can be decomposed
with respect to a representation Ω(ν) of G in H [13, 14]:
|φ〉 =
1
Cχ
∫
G
Ω(ν)|χ〉dµ(ν)〈χ|Ω†(ν)|φ〉, (8)
where |χ〉 ∈ H is referred to as a basic wavelet, satisfying
the admissibility condition
Cχ =
1
‖χ‖2
∫
G
|〈χ|Ω(ν)|χ〉|2dµ(ν) <∞.
The coefficients 〈χ|Ω†(ν)|φ〉 are referred to as wavelet
coefficients.
If the group G is Abelian, the wavelet transform (8)
with G : x′ = x + b′ is the Fourier transform. The next
to the Abelian group is the group of the affine transfor-
mations of the Euclidean space Rd:
G : x′ = aR(θ)x+ b, x, b ∈ Rd, a ∈ R+, θ ∈ SO(d), (9)
where R(θ) is the SO(d) rotation matrix. Here we define
the representation of the affine transform (9) with respect
to the basic wavelet χ(x) as follows:
U(a, b, θ)χ(x) =
1
ad
χ
(
R−1(θ)
x− b
a
)
. (10)
Thus the wavelet coefficients of the function φ(x) ∈
L2(Rd) with respect to the basic wavelet χ(x) in Eu-
clidean space Rd can be written as
φa,θ(b) =
∫
Rd
1
ad
χ
(
R−1(θ)
x − b
a
)
φ(x)ddx. (11)
The wavelet coefficients (11) represent the result of the
measurement of function φ(x) at the point b at the scale
a with an aperture function χ rotated by the angle(s) θ
[15]. The function φ(x) can be reconstructed from its
wavelet coefficients (11) using the formula (8):
φ(x) =
1
Cχ
∫
1
ad
χ
(
R−1(θ)
x − b
a
)
φaθ(b)
daddb
a
dµ(θ).
(12)
The normalization constant Cχ is readily evaluated using
Fourier transform. In what follows I assume isotropic
wavelets and omit the angle variable θ. For isotropic
wavelets
Cχ =
∫ ∞
0
|χ˜(ak)|2
da
a
=
∫
|χ˜(k)|2
ddk
Sd|k|d
<∞, (13)
where Sd =
2πd/2
Γ(d/2) is the area of unit sphere in R
d.
If the standard quantum field theory defines the field
function φ(x) as a scalar product of the state vector of
the system and the state vector corresponding to the lo-
calization at the point x: φ(x) ≡ 〈x|φ〉, the modified the-
ory [5, 16] should respect the resolution of the measuring
equipment. Namely, we define the resolution-dependent
fields
φa(x) ≡ 〈x, a;χ|φ〉, (14)
also referred to as the scale components of φ, where
〈x, a;χ| is the bra-vector corresponding to localization
4of the measuring device around the point x with the spa-
tial resolution a; χ labels the apparatus function of the
equipment, an aperture function [15]. The field theory
of extended objects with the basis χ defined on the spin
variables was considered in [17, 18].
The goal of the present paper is to study the scale
dependence of the running coupling constant in non-
Abelian gauge theory constructed directly on scale-
dependent fields. To simplify the matter we ignore the
possible anisotropy and polarisation effects. Assuming
the basic wavelet χ isotropic we drop the angle argument
θ in (12) and perform all calculations in Euclidean space.
The interpretation of the real experimental results in
terms of the wave packet χ is a non-trivial problem to
be of special concern in future. It can be addressed
by constructing wavelets in the Minkowski space and by
analytic continuation from the Euclidean space to the
Minkowski space [7, 19].
For the same reason I neither consider here the quan-
tization of scale-dependent fields, which was addressed
elsewhere [7, 20, 21]. A prospective way to do this, as
suggested in [7, 22] is the use of light-cone coordinates
[23]. With these remarks we can understand the physi-
cally measured fields, at least a local theories like QED
and the ϕ4- model, as the integrals over all scale compo-
nents from the measurement scale (A) to infinity:
φ(A)(x) =
1
Cχ
∫
a≥A
〈x|χ; a, b〉dµ(a, b)〈χ; a, b|φ〉.
The limit of an infinite resolution (A → 0) certainly
drives us back to the known divergent theories.
An example of scalar field theory
To illustrate the wavelet method, following the pre-
vious papers [5, 24], I start with the phenomenological
model of scalar field with nonlinear self-interaction φ4(x),
described by Euclidean action functional
SE [φ] =
∫
ddx
[1
2
(∂φ)2 +
m2
2
φ2 +
λ
4!
φ4
]
. (15)
This model is an extrapolation of a classical interact-
ing spin model to continual limit [25]. Known as the
Ginzburg-Landau model [26] it describes phase transi-
tions in superconductors and other magnetic systems
fairly well, but produces divergences when the correla-
tion functions
G(n) =
δn lnZ[J ]
δJ(x1) . . . δJ(xn)
∣∣∣∣
J=0
(16)
are evaluated from the generating functional
Z[J ] = N
∫
e−SE [φ]+
∫
J(x)φ(x)ddxDφ (17)
by perturbation expansion, see e.g., [27].
The parameter λ in action functional (15) is a phe-
nomenological coupling constant, which knows nothing
about the scale of observation, and becomes running cou-
pling constant only because of renormalization or cutoff
introduction. The straightforward way to introduce the
scale-dependence into the model (15) is to express the lo-
cal field φ(x) in terms of its scale components φa(b) using
inverse wavelet transform (12):
φ(x) =
1
Cχ
∫
1
ad
χ
(
x− b
a
)
φa(b)
daddb
a
. (18)
This leads to the generating functional for scale-
dependent fields:
ZW [Ja] = N
∫
Dφa(x) exp
[
−
1
2
∫
φa1(x1)D(a1, a2, x1 − x2)φa2 (x2)
da1d
dx1
Cχa1
da2d
dx2
Cχa2
−
λ
4!
∫
V a1,...,a4x1,...,x4 φa1(x1) · · ·φa4(x4)
da1d
dx1
Cχa1
da2d
dx2
Cχa2
da3d
dx3
Cχa3
da4d
dx4
Cχa4
+
∫
Ja(x)φa(x)
daddx
Cχa
]
, (19)
where D(a1, a2, x1 − x2) is wavelet image of ordinary
propagator, and N is a formal normalization constant.
The functional (19) – if integrated over all scale argu-
ments in infinite limits
∫∞
0
dai
ai
– will certainly drive us
back to the known divergent theory. All scale-dependent
fields φa(x) in (19) still interact to each other with the
same coupling constant λ, but their interaction is now
modulated by wavelet factor V a1a2a3a4x1x2x3x4 , which is the
Fourier image of
∏4
i=1 χ˜(aiki).
For Feynman diagram expansion the substitution of
the fields by (18) is naturally performed in Fourier rep-
resentation
φ(x) =
1
Cχ
∫ ∞
0
da
a
∫
ddk
(2pi)d
e−ıkxχ˜(ak)φ˜a(k),
φ˜a(k) = χ˜(ak)φ˜(k).
5Doing so, we have the following modification of the Feyn-
man diagram technique [6]:
• each field φ˜(k) is substituted by the scale compo-
nent φ˜(k)→ φ˜a(k) = χ˜(ak)φ˜(k).
• each integration in momentum variable is accom-
panied by corresponding scale integration:
ddk
(2pi)d
→
ddk
(2pi)d
da
a
1
Cχ
.
• each interaction vertex is substituted by its wavelet
transform; for the N -th power interaction vertex
this gives multiplication by factor
N∏
i=1
χ˜(aiki).
According to these rules, the bare Green function in
wavelet representation takes the form:
G
(2)
0 (a1, a2, p) =
χ˜(a1p)χ˜(−a2p)
p2 +m2
.
The finiteness of the loop integrals is provided by the
following rule: there should be no scales ai in internal
lines smaller than the minimal scale of all external lines
[5, 6]. Therefore the integration in ai variables is per-
formed from the minimal scale of all external lines up to
the infinity.
For the theory with local φN (x) interaction the pres-
ence of two conjugated factors χ˜(ak) and χ˜(ak) on each
diagram line, connected to the interaction vertex, simply
means that each internal line of Feynman diagram carry-
ing momentum k is supplied by the cutoff factor f2(Ak),
where
f(x) :=
1
Cχ
∫ ∞
x
|χ˜(a)|2
da
a
, f(0) = 1, (20)
where A is the minimal scale of all external lines of this
diagram. This factor automatically suppresses all UV
divergences.
The admissibility condition (13) for the basic wavelet
χ are rather loose. At best χ(x) would be the aper-
ture function of the measuring device [15]. In practice,
any well localized function with χ˜(0) = 0 will suit. For
analytical calculations the basic wavelet should be easy
to integrate, and for this reason, as in previous papers
[5, 7, 24], we choose the derivative of Gaussian function
as a basic wavelet:
χ˜(k) = −ıke−
k2
2 . (21)
This gives Cχ =
1
2 and provides the exponential cutoff
factor (20): f(x) = e−x
2
.
As usual in functional renormalization group technique
[28], we can introduce the effective action functional
Γ[φ] = −W [J ] + 〈Jφ〉,
the functional derivatives of which are the vertex func-
tions:
Γ(A)[φa] = Γ
(0)
(A) +
∞∑
n=1
∫
1
Cnχ
Γ
(n)
(A)(a1, b1, . . . , an, bn)φa1 (b1) . . . φan(bn)
da1d
db1
a1
. . .
dand
dbn
an
.
The subscript (A) indicates the presence in the theory of
minimal scale – the observation scale.
Let us consider the one-loop vertex function Γ
(4)
(A) in
the scale-dependent φ4 model with the basic wavelet (21)
[24]. The Γ
(4)
(A) contribution to the effective action is
shown in diagram (22):
Γ(4) = −
1
2 3
4
−
3
2
1
2
3
4
q
(22)
Each vertex of the Feynman diagram corresponds to −λ,
each external line of the 1PI diagram contains wavelet
factor χ˜(aiki), hence
Γ
(4)
(A)
χ˜(a1p1)χ˜(a2p2)χ˜(a3p3)χ˜(a4p4)
= λ−
3
2
λ2Xd(A). (23)
The value of the one-loop integral
Xd(A) =
∫
ddq
(2pi)d
f2(qA)f2((q − s)A)
[q2 +m2] [(q − s)2 +m2]
, (24)
where s=p1+p2 and A = min(a1, a2, a3, a4), depends on
the basic wavelet χ by means of the cutoff function f(x).
The integral (24) with Gaussian cutoff function (20) can
be easily evaluated. In physical dimension d = 4 in the
limit s2 ≫ 4m2 this gives [5]:
lim
s2≫4m2
X4(α2) =
e−2α
2
16pi2α2
[
eα
2
− 1− α2e2α
2
Ei1(α
2)
+ 2α2e2α
2
Ei1(2α
2)
]
,
(25)
6where α = As is dimensionless scale, and
Ei1(x) ≡
∫ ∞
1
e−xt
t
dt
is the exponential integral of first type. All integrals are
finite now, and the coupling constant becomes running,
λ = λ(α2), only because its dependence on the dimen-
sionless observation scale α:
∂λ
∂µ
= 3λ2α2
∂X4
∂α2
=
3λ2
16pi2
2α2 + 1− eα
2
α2
e−2α
2
, (26)
where µ = − lnA+ const. The dimensionless scale vari-
able α is the product of the observation scale A and the
total momentum s. The running coupling constant λ(α2)
can be understood as a coupling constant of all fluctua-
tions larger than the observation scale A. For small α the
equation (26) tends to the known result. This is because
we have started with the local Ginzburg-Landau theory,
where the fluctuations of all scales interact to each other,
with the interaction of neighbouring scales being most
important, see e.g.[29] for an excellent discussion of the
underlying physics.
QED: wavelet regularization of a local gauge theory
Quantum electrodynamics is the simplest gauge theory
of the type (4), with the gauge group being the Abelian
group U(1):
ψ(x)→ e−ıeΛ(x)ψ(x). (27)
The transformation of the gauge field – the electromag-
netic field – is the gradient transformation
Aµ(x)→ Aµ(x) + ∂µΛ(x). (28)
In view of linearity of the wavelet transform, the equa-
tion (28) keeps the same form for all scale components of
the gauge field Aµ,a(x) – in contrast to the matter field
transformation (27), which is nonlinear, – and thus the
gauge transform of the matter fields in a local gauge the-
ory is not the change of all scale components ψa(x) by
the same phase.
The Euclidean QED Langangian is:
L = ψ¯(x)( /D + ım)ψ(x) +
1
4
FµνFµν +
1
2α
(∂µAµ)
2︸ ︷︷ ︸
gauge fixing
,
(29)
Dµ ≡ ∂µ + ıeAµ(x),with Fµν = ∂µAν − ∂νAµ
being the field strength tensor of the electromagnetic field
Aµ(x). (The slashed vectors denote the convolution with
the Dirac γ-matrices: /D ≡ γµDµ.)
The wavelet regularization technique works for QED in
the same way as it does for the above considered scalar
a
p
q + p/2
a’
p
FIG. 1. Electron self-energy diagram in scale-dependent QED
a
p
q + p/2
a’
p
FIG. 2. Vacuum polarization diagram in scale-dependent
QED
field theory. This means, each line of Feynman diagram
carrying momentum p acquires a cutoff factor f2(Ap).
In this way, in one-loop approximation, we get the elec-
tron self-energy, shown in diagram Fig. 1:
Σ(A)(p)
χ˜(ap)χ˜(−a′p)
= −ıe2
∫
d4q
(2pi)4
FA(p, q)γµ
[
/p
2 − /q −m
]
γµ[(
p
2 − q
)2
+m2
] [
p
2 + q
]2 ,
(30)
where
FA(p, q) ≡ f
2
(
A(
p
2
+ q)
)
f2
(
A(
p
2
− q)
)
= e−A
2p2−4A2q2
is the product of the wavelet cutoff factors, and A =
min(a, a′) is the minimal scale of two external lines of
the diagram Fig. 1.
Similarly, for the vacuum polarization diagram of
QED, shown in Fig. 2, we get [16]:
Π
(A)
µν (p)
χ˜(ap)χ˜(−a′p)
= −e2
∫
d4q
(2pi)4
FA(p, q)×
×
Tr(γµ(/q + /p/2−m)γν(/q − /p/2−m))
[(q + p/2)2 +m2] [(q − p/2)2 +m2]
.
(31)
The electron-photon interaction vertex, in one-loop ap-
proximation, with the photon propagator taken in Feyn-
man gauge, gives the equation:
Γ
(A)
µ,r
χ˜(−pa′)χ˜(−qr)χ˜(ka)
= e2
∫
d4f
(2pi)4
γα
/p− 6f −m
(p− f)2 +m2
×γµ
/k − 6f −m
(k − f)2 +m2
γα
1
f2
f2(A(p− f))f2(A(k − f))f2(Af).
(32)
The vertex function (32) and the inverse propagator
are related by the Ward-Takahashi identities, which are
wavelet images of corresponding identities of the ordinary
local gauge theory [7, 30]. The detailed one-loop cal-
culations, except the contribution to the vertex, can be
7r
aa′
k
k − f
p
f
q
FIG. 3. One-loop vertex function in scale-dependent QED
found in [7]. As for the vertex contribution (32), shown
in Fig. 3, the calculation is rather cumbersome, but can
be done numerically.
IV. GAUGE INVARIANCE FOR
SCALE-DEPENDENT FIELDS
For a non-Abelian gauge theory both terms in the
gauge field transformation (5) are nonlinear. Wavelet
transform (18) can hardly be applied to the theory with-
out violation of local gauge invariance. An attempt to
use wavelets for gauge theories, QED and QCD, for the
first time have been undertaken by P.Federbush [31] in
a form of discrete wavelet transform. The considera-
tion was restricted to axial gauge and a special type of
divergency-free wavelets in four dimensions. The context
of that application was the localization of the wavelet ba-
sis, which may be beneficial for numerical simulation, but
is not tailored for analytical studies, and does not link
the gauge invariance to the dependence on scale. The
discrete wavelet transform approach to different quan-
tum field theory problems have been further developed
in Hamiltonian formalism, but for scalar theories with
local interaction [32, 33].
Now it is a point to think of how we can build a gauge-
invariant theory of fields that depend on both the posi-
tion (x) and the resolution (a). To do this, we recall that
the free fermion action (1) can be considered as a matrix
element of the Dirac operator:
SE = 〈ψ|γµ∂µ + ım|ψ〉. (33)
Assuming scalar product 〈·|·〉 in a general Hilbert space
H, in accordance to the original Dirac’s formulation of
quantum field theory [34], we can insert arbitrary parti-
tions of unity 1ˆ =
∑
c |c〉〈c| into equation (33), so that
SE =
∑
c,c′
〈ψ|c〉〈c|γµ∂µ + ım|c
′〉〈c′|ψ〉.
An important type of the unity partition in Hilbert space
H is a unity partition related to the generalized wavelet
transform (8):
1ˆ =
∫
G
Ω(ν)|χ〉
dµL(ν)
Cχ
〈χ|Ω†(ν). (34)
Our main criterion for this choice is to find a group G,
which pertains to the physics of quantum measurement
and provides the fields defined on finite domains rather
than points. The group, which can leverage this task is
a group of affine transformations
G : x′ = ax+ b, a ∈ R+, x
′, x, b ∈ Rd. (35)
Following [5, 7], we consider an isotropic theory. The
representation of the affine group (35) in L2(Rd) is chosen
as
[Ω(a, b)χ](x) :=
1
ad
χ
(
x− b
a
)
, (36)
the left-invariant Haar measure is
dµL(a, b) =
daddb
a
. (37)
In view of linearity of the wavelet transform
ψ(x)→ ψa(b) =
∫
Rd
1
ad
χ¯
(
x− b
a
)
ψ(x)ddx, (38)
the action on the affine group (35) keeps the same form
as the action of the genuine theory (33). Thus we get the
action functional for the fields ψa(b) defined on the affine
group:
SE =
1
Cχ
∫
R+⊗Rd
[
ψ¯a(b)γµ∂µψa(b)
+ ımψ¯a(b)ψa(b)
]daddb
a
, (39)
where the derivatives ∂µ are now taken with respect to
spatial variables bµ. The meaning of the representation
(39) is that the action functional is now a sum of inde-
pendent scale components SE =
∫
S(a)daa , with no inter-
action between the scales.
Starting from the locally gauge invariant action SE =∫
d4xψ¯(γµDµ + ım)ψ we destroy such independence by
the cubic term ψ¯γµAµψ, which yields cross-scale terms.
However, knowing nothing about the point-dependent
gauge fields Aµ(x) at this stage, we should certainly ask
a question: how one can make the theory (39) invariant
with respect to a phase transformation defined locally on
the affine group:
Ua(b) = exp
(
ı
∑
A
wAa (b)T
A
)
? (40)
Since the action (39), for each fixed value of the scale a,
has exactly the same form as the standard action (1), we
can introduce the invariance with respect to local phase
transformation separately at each scale by changing the
derivative ∂µ ≡
∂
∂bµ
into covariant derivative
Dµ,a = ∂µ + ıAµ,a(b), (41)
8with the gauge transformation law for the scale-
dependent gauge field Aµ,a(b) =
∑
AA
A
µ,a(b)T
A identical
to (5):
A′µ,a(b) = Ua(b)Aµ,a(b)U
†
a(b) + ı (∂µUa(b))U
†
a(b).
Similarly, for the field strength tensor and for the Yang-
Mills Lagrangian:
Fµν,a = −ı[Dµ,a, Dν,a], L
YM
a =
1
2g2
Tr(Fµν,aFµν,a).
(42)
Assuming the formal coupling constant of the gauge field
Aµ,a(b) to be dependent on scale only, we can rewrite the
covariant derivative by changing Aµ,a(b) to g(a)Aµ,a(b):
Dµ,a = ∂µ + ıgAµ,a(b). (43)
This means we have a collection of identical gauge the-
ories for the fields ψa(b), Aµ,a(b), labeled by the scale
variable a, which differ from each other only by the value
of the scale-dependent coupling constant g = g(a). It is
a matter of choice whether to keep the scale dependence
in g(a), or solemnly in Aµ,a(b). The Euclidean action of
the multiscale theory takes the form
SE =
1
Cχ
∫
daddb
a
[
ψ¯a(b)(γµDµ,a + ım)ψa(b)+
+
1
4
FAµν,aF
A
µν,a
]
+ gauge fixing terms, (44)
where
FAµν,a = ∂µA
A
ν,a − ∂νA
A
µ,a − gf
ABCABµ,aA
C
ν,a.
The difference between the standard quantum field the-
ory formalism and the field theory with action (44), de-
fined on the affine group, consists in changing the inte-
gration measure from ddx to the left-invariant measure
on affine group (37). So, the generating functional can
be written in a form
Z[Ja(b)] =
∫
DΦa(b)e
−SE [Φ]+
∫
dad4b
Cχa
Φa(b)Ja(b), (45)
where Φa(b) = (Aa,µ(b), ψa(b), . . .) is the full set of all
scale-dependent fields present in the theory. Since the
’Lagrangian’ in the action (44), for each fixed value of a,
has exactly the same form as that in standard theory, the
Faddeev-Popov gauge fixing procedure [35] can be intro-
duced to the scale-dependent theory in a straightforward
way.
Feynman diagrams
Same as in wavelet-regularization of a local theory, de-
scribed in Section III, here we understand the physically
observed fields as the sums of scale components from the
observation scale A to infinity [5]:
ψA(x) =
1
Cχ
∫ ∞
A
da
a
∫
ddb
1
ad
χ
(
x− b
a
)
ψa(b).
The free-field Green functions at a given scale a are pro-
jections of the ordinary Green function to the scale a
performed by the χ wavelet filters:
Ga1,...,an(k1, . . . , kn) = ˜¯χ(a1k1) . . . ˜¯χ(ankn)G(k1, . . . , kn).
The interacting field Green functions, according to the
action (44), can be constructed if we provide the equal-
ity of all scale arguments by ascribing the multiplier
g(a)
∏
i δ(ln ai − ln a) to each vertex, and δ(ln ai − ln aj)
to each line of the Feynman diagram. This is different
from the local theory, described in Section III, where all
scale components do interact to each other. Now we do
not yield the cutoff factor f2(·) on each internal line, with
f(x) given by the scale integration (20). Instead of it, we
have to put wavelet filter modulus squared on each inter-
nal line. This suppresses not only the UV divergences,
but also the IR divergences. As a result, we arrive to the
following diagram technique, which is (up to the above
mentioned cutoff factors), identical to standard Feynman
rules for Yang-Mills theory, see e.g. [36]:
The propagator for the spin-half fermions:
c d
p
= ıδcd
/p−m
p2 +m2
|χ˜(ap)|2,
where c, d are the indices of the fermion representation
of gauge group.
The propagator of the gauge field (taken in the Feyn-
man gauge):
A B
p
= δAB
1
p2
δµν |χ˜(ap)|
2
Gluon to fermion coupling:
c
d
A = −ıg(a)γµ(T
A)cd
Three gluon vertex:
B, ν
A, µ C, µ
q
p
r
= −ıg(a)fABC
[
(rµ − qµ)δν,ρ+
+(qρ − pρ)δµν + (pν − rν)δρµ
]
(46)
All momenta are incident to the vertex: p+ q + r = 0.
9Similarly, for the four gluon vertex:
A, µ
B, ν
C, ρ D, σ = −g
2(a)
[
fABEfCDE(δµρδνσ − δνρδµσ) + f
CBEfADE(δµρδνσ − δνµδρσ)
+fDBEfCAE(δσρδνµ − δνρδµσ)
]
.
The ghost propagator:
A B
p
= −ı
δAB
p2
|χ˜(ap)|2.
Gluon to ghost interaction vertex:
AB
C, µ
p
q
r
=
1
2
g(a)fABC(rµ + pµ − qµ)
= −g(a)fABCqµ,
with r + p+ q = 0.
For simplicity in the following calculations I use the
first derivative of Gaussian as a basic wavelet (21), which
provides the cancellation of both the UV and the IR di-
vergences by virtue of |χ˜(·)|2 on each propagator line.
For the chosen wavelet (21) the wavelet cutoff factor is
Fa(p) = (ap)
2e−a
2p2 (47)
for each line of the diagram, calculated for the scale a of
the considered model.
Scale dependence of the gauge coupling constant
To study the scale dependence of the gauge coupling
constant we can start with a pure gauge field theory with-
out fermions, along the lines of [37]. The total one-loop
contribution to three gluon interaction is given by the
diagram equation (48):
C
B A
=
C
B A
+
1
2
[
C
B A
+ permutations
]
+ ghost loops (48)
In standard QCD theory the one-loop contribution to
the 3-gluon vertex is calculated in Feynman gauge [38].
It was later generalized to arbitrary covariant gauge [39].
These known results, being general in kinematic struc-
ture, are based on dimensional regularization, and thus
are determined by the divergent parts of integrals. Dif-
ferent corrections to the perturbation expansion based on
analyticity have been proposed [40, 41], but this is still
based on divergent graphs. In this context the QCD is
often considered as an effective theory, which describes
the low-energy limit for a set of asymptotically observed
fields, obtained by integrating out all heavy particles [42].
The effective theory is believed to be derivable from a fu-
ture unified theory, which includes gravity.
The essential artefact of renormalized QCD is the loga-
rithmic decay of the running coupling constant α(Q2) at
infinite momentum transfer Q2 → ∞, known as asymp-
totic freedom. With the help of MS the calculations are
available up to five-loop approximation [43].
In present paper I do not pretend to derive the loga-
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FIG. 4. Gluon loop contribution to three gluon vertex; p1 +
p2 + p3 = 0.
rithmic law. Instead, I have shown, that if our under-
standing of gauge invariance is true in arbitrary func-
tional basis, based on a Lie group representation, we use
to measure physical fields, the resulting theory is finite
by construction. The restriction of calculations to the
Feynman gauge and specific form of the basic wavelet
are technical simplifications, with which we proceed to
make the results viewable.
The first term in the r.h.s. of (48) is unrenormalized
3-gluon vertex (46). The second graph is the gluon loop
shown in Fig. (4): Its value is
ΓABCµ1µ2µ3 = −ıg
3(a)
CA
2
fABCV one−loopµ1,µ2,µ3 (p1, p2, p3), (49)
where the common color factor is CA = 2TFNC , NC is
the number of colors, and TF =
1
2 is the usual normal-
ization of generators in fundamental representation, see
e.g.[44].
Gluon loop contribution
We calculate the one-loop tensor structure
V one−loopµ1,µ2,µ3 (p1, p2, p3) in Feynman gauge. After sym-
metrization of the loop momenta in diagram (49):
l1 = f +
p3 − p2
3
, l2 = f +
p1 − p3
3
, l3 = f +
p2 − p1
3
,
the tensor structure of the diagram takes the form
V one−loopµ1,µ2,µ3 (p1, p2, p3, f) = Vµ1,α,β(p1, l3,−l2)
×Vα,µ2,δ(−l3, p2, l1)Vδ,µ3,β(−l1, p3, l2), (50)
where
Vµ1,µ2,µ3(p1, p2, p3) := (p3,µ1 − p2,µ1)δµ2,µ3+
+(p1,µ2 − p3,µ2)δµ3,µ1 + (p2,µ3 − p1,µ3)δµ1,µ2 (51)
is the tensor structure of 3 gluon interaction vertex (46).
The tensor structure of eq. (49) can be represented as
a sum of two terms: first term is free of loop momentum
f , and the second term is quadratic in it:
V one−loopµ1,µ2,µ3 (p1, p2, p3, f) = V
0(p1, p2, p3)+V
1(p1, p2, p3, f)
with
V 1µ1,µ2,µ3(p1, p2, p3, f) = 3
[
fµ1fµ3(p1,µ2 − p3,µ2)+
+fµ1fµ2(p2,µ3 − p1,µ3) + fµ2fµ3(p3,µ1 − p2,µ1)
]
+
+
7
3
f2
[
(p3,µ1 − p2,µ1)δµ2,µ3 + (p1,µ2 − p3,µ2)δµ3,µ1
+(p2,µ3 − p1,µ3)δµ1,µ2
]
+
2
3
[
δµ1µ2fµ3fα(p2,α − p1,α)+
δµ1µ3fµ2fα(p1,α − p3,α) + δµ2µ3fµ1fα(p3,α − p2,α)
]
Integrating the equation V 1µ1,µ2,µ3(p1, p2, p3, f) with
Gaussian weight we substitute fµfν →
δµν
d f
2 into the
Gaussian integral
∫
e−ζf
2
f2ddf = d2pi
d
2 ζ−
d
2
−1. With
ζ = 3a2, d = 4 this gives the tensor structure
V 1(p1, p2, p3) =
13
864pi2
e−
2
9
a2[p21+p
2
2+p
2
3−p1p2−p1p3−p2p3]
×Vµ1,µ2,µ3(p1, p2, p3).
The part of the tensor structure that does not contain f
contributes a term proportional to the Gaussian integral∫
e−ζf
2
ddf =
(
π
ζ
) d
2
. This gives
a2
144pi2
e−
2
3
a2[p21+p
2
2+p1p2]V 0µ1,µ2,µ3(p1, p2, p3 = −p1 − p2)
where
V 0µ1,µ2,µ3(p1, p2) =
4
3
(p2,µ1p2,µ2p2,µ3 − p1,µ1p1,µ2p1,µ3)
+
5
3
(p2,µ1p2,µ2p1,µ3 − p1,µ1p1,µ2p2,µ3)
+
2
3
(p2,µ2p2,µ3p1,µ1 − p1,µ1p1,µ3p2,µ2)
+
1
3
(p1,µ2p1,µ3p2,µ1 − p2,µ1p2,µ3p1,µ2)
+
37
27
δµ1µ2p1p2(p2,µ3 − p1,µ3) +
58
27
δµ1µ2(p
2
1p2,µ3 − p
2
2p1,µ3)
+
5
27
(δµ2µ3p
2
1p1,µ1)− δµ1µ3p
2
2p2,µ2 − δµ1µ2p
2
2p2,µ3)
+
32
27
(δµ1µ3p1,µ2(p
2
1 + p1p2)− δµ2µ3p2,µ1(p
2
2 + p1p2))
+
16
27
(δµ1µ3p
2
1p2,µ2 − δµ2µ3p
2
2p1,µ1)
+
53
27
(δµ1µ3p
2
2p1,µ2 − δµ2µ3p
2
1p2,µ1)
+
47
27
p1p2(δµ2µ3p1,µ1 − δµ1µ3p2,µ2)
Summing these two terms we get:
ΓABCµ1µ2µ3(p1, p2) = −ıg
3(a)
CA
2
fABC
144pi2
×
×e−
2
3
a2(p21+p
2
2+p1p2)
[
a2V 0µ1µ2µ3(p1, p2)+ (52)
+
13
6
Vµ1µ2µ3(p1, p2,−p1 − p2)
]
,
where Vµ1µ2µ3 , given by (51), is the tensor structure of
unrenormalized 3-gluon vertex.
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FIG. 5. One-loop contribution to three-gluon vertex provided
by four-gluon interaction
Contribution of 4-gluon vertex
The next one-loop contribution to the 3 gluon vertex
comes from the diagrams with 4 gluon interaction, of the
type shown in Fig. 5. In case of 4 gluon contribution the
common color factor cannot be factorized: instead there
are 3 similar diagrams with gluon loop inserted in each
gluon leg, p3, p2 and p1, respectively. The case of p3 is
drawn in Fig. 5.
The one-loop contribution to 3-gluon vertex shown in
Fig. 5 can be easily calculated taking into account the
squared momenta in gluon propagators are canceled by
wavelet factors (47). This gives
a4
∫
(−ıg(a))fDEC
[
(2p3 − f)δδµ3ǫ + (−f − p3)ǫδµ3δ+
+(2f − p3)µ3δǫδ
]
×
×(−g(a))2
[
fAEXfBDX(δµ1µ2δǫδ − δǫµ2δµ1δ)+
+fBEXfADX(δµ1µ2δǫδ − δǫµ1δµ2δ)+
+fDEXfBAX(δδµ2δǫµ1 − δǫµ2δµ1δ)
]
×
× exp
(
−a2f2 − a2(f + p1 + p2)
2
) d4f
(2pi)4
.
The presence of 4-gluon interaction does not allow for the
factorization of the common color factor. Instead there
are three different terms in color space:
fDECfAEXfBDX = −
CA
2
fABC ,
fDECfBEXfADX = +
CA
2
fABC , (53)
fDECfDEXfBAX = −CAf
ABC
with the normalization condition
fACDfBCD = CAδAB.
There are two Gaussian integrals contributing to the
diagram shown in Fig. 5
I(s) =
∫
d4f
(2pi)4
e−2a
2f2−2a2sf =
1
64pi2a4
e
a2s2
2 ,
Iµ(s) =
∫
d4f
(2pi)4
fµe
−2a2f2−2a2sf = −
sµ
128pi2a4
e
a2s2
2 ,
where s = p1 + p2.
Thus we can express the tensor coefficients at the three
terms (53) as
T1 = −
3
2
δµ1µ3sµ2 +
3
2
δµ2µ3sµ1 ,
T2 = +
3
2
δµ1µ3sµ2 −
3
2
δµ2µ3sµ1 , (54)
T3 = 3(δµ2µ3sµ1 − δµ1µ3sµ2),
respectively. The sum of all three terms −CA2 f
ABCT1 +
CA
2 f
ABCT2 − CAfABCT3 gives
9
2
CAf
ABC [δµ1µ3s2 − δµ2µ3sµ1 ],
and thus the whole integral
V ABCµ1µ2µ3(s) =
ıg3(a)
64pi2
e
−a2s2
2
9CA
2
fABC [δµ1µ3sµ2−δµ2µ3sµ1 ].
(55)
Two more contributing diagrams, symmetric to
Fig. 5, are different from the above calculated
V (A, µ1, p1;B, µ2, p2;C, µ3, p3) only by changing
B, µ2, p2 ↔ C, µ3, p3, and A, µ1, p1 ↔ C, µ3, p3,
respectively. This gives two more terms
V ABCµ1µ2µ3(t) =
ıg3(a)
64pi2
e
−a2t2
2
9CA
2
fACB[δµ1µ2tµ3 − δµ2µ3tµ1 ],
V ABCµ1µ2µ3(u) =
ıg3(a)
64pi2
e
−a2u2
2
9CA
2
fCBA[δµ1µ3uµ2 − δµ2µ1uµ3 ],
where t = p1+ p3 = −p2 and u = p2+ p3 = −p1. Taking
into account the common topological factor 12 standing
before all these diagrams in (48), finally we get
ΓABCµ1µ2µ3(p1, p2) = ı
g3(a)
256pi2
9CAf
ABC
[
e
−a2s2
2 (δµ1µ3sµ2
−δµ2µ3sµ1) + e
−a2p2
2
2 (δµ1µ2p2,µ3 − δµ2µ3p2,µ1)
(56)
+e
−a2p2
1
2 (δµ1µ3p1,µ2 − δµ1µ2p1,µ3)
]
,
where t = −p2, u = −p1, p3 = −p1 − p2.
Ghost loop contribution
The last one-loop contribution not shown in eq.(48),
is the ghost-loop diagram Fig. 6, and one more dia-
gram symmetric to it. The color factor of the dia-
gram Fig. 6 is fDEAfFDBfEFC = −CA2 f
ABC . The
12
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FIG. 6. Ghost loop contribution to 3 gluon vertex; p1 + p2 +
p3 = 0.
tensor structure for diagram Fig. 6 is l2,µ1 l3,µ2 l1,µ3 ,
and l3,µ1 l1,µ2 l2,µ3 – for the symmetric diagram [44].
Ghost propagators multiplied by wavelet factors give
(−ı)3a6e−3a
2f2− 2
3
a2(p21+p
2
2+p1p2), and one more (−1) ac-
counts for the fermion loop. Finally, this gives
Γghost = −ıg3(a)
CA
2
fABC
e−
2
3
a2(p21+p
2
2+p1p2)
144pi2
×
×
[
a2V0 +
1
18
Vµ1µ2µ3(p1, p2, p3 = −p1 − p2)
]
,
(57)
V0 =
1
27
(p1,µ3 − p2,µ3)(p1,µ2p2,µ1 − 2p1,µ1p2,µ2)
+
4
27
(p2,µ1p2,µ2p2,µ3 − p1,µ1p1,µ2p1,µ3)
+
5
27
(p2,µ1p2,µ2p1,µ3 − p1,µ1p1,µ2p2,µ3).
Study of simplified 3-gluon vertex (p,−p, 0)
To study the scale dependence of the coupling constant
let us start with a trivial situation p1 = p, p2 = −p, p3 =
0. The unrenormalized vertex takes the form
ΓABCµ1µ2µ3(p) = −ıg(a)f
ABCV (p,−p, 0),
where
V (p,−p, 0) ≡ pµ1δµ2µ3 + pµ2δµ1µ3 − 2pµ3δµ1µ2 .
The triangle gluon loop contribution, shown in Fig. 4, is
ΓABC,3µ1µ2µ3(p) = −ıg(a)
3CA
2
fABC
e−
2
3
a2p2
144pi2
×
×
[
a2V0 +
13
6
V (p,−p, 0)
]
(58)
V0 =
4
3
pµ1pµ2pµ3 −
p2
27
(
5δµ2µ3pµ1+
+ 5δµ1µ3pµ2 + 32δµ1µ2pµ3
)
.
The contributions containing 4-gluon vertexes (without
fermions) give
ΓABC,4µ1µ2µ3(p) = −ı
g3(a)
256pi2
9CAf
ABCe−
a2p2
2 V (p,−p, 0)
(59)
The contribution of two ghost loops
Γghostµ1µ2µ3(p,−p, 0) = −ıg
3(a)
CA
2
fABC
144pi2
e−
2
3
a2p2×
×
1
9
[
a2
4
3
pµ1pµ2pµ3 +
1
2
V (p,−p, 0)
]
(60)
Therefore, due to the use of localized wavelet basis with
a window width of size a we obtained an exponential de-
cay of vertex function proportional to p2. The gauge in-
teraction in action functional (44) is not identical to that
of local gauge theory (4). At this point I cannot definitely
claim that physical observables are integrals of the form∫∞
A
da
a F [φa(b)]. Since the action (44) comprises the fields
of different scales, which do not interact to each other, the
same action should be responsible for the measurement
process. If the parameter A of a wavelet-regularized local
theory (19) was a counterpart of 1/µ normalization scale,
in our theory with scale-dependent gauge invariance the
scale parameter a should be treated as an independent
coordinate on (d+1)-dimensional group manifold (a,x),
with the scale transformations given by the generator
D = a ∂∂a .
V. CONCLUSION
The basis of Fourier harmonics, an omnipresent tool
of quantum field theory, is just a particular case of de-
composition of the observed field φ with respect to rep-
resentations Ω(g) of the symmetry group G responsible
for observations. It is commonly assumed that the sym-
metry group of measurement is translation group (or,
more generally the Poincar group) the representations of
which are used. We can imagine, however, that the mea-
surement process itself is more complex, and may have
symmetries more complex than Abelian group of trans-
lations. The simplest generalization is the affine group
G : x′ = ax + b considered in this paper, – a tool for
studying scaling properties of physical systems.
The peculiarity of the affine group is that its genera-
tor, the operator of scale transformations D = a ∂∂a , is
not a Hermitian. Hence, the scale a is not an observable
of physical fields – it is a parameter of measurement, say
a scale we use in our measurements. Thus introducing
explicitly a basis χ(a, ·) to describe the physical fields
and defining the gauge transformations with respect to
this basis we derived a divergency-free theory of scale-
dependent gauge fields. The existence of such a theory
is merely an exciting mathematical possibility. The au-
thor does not know, which type of interaction takes place
in real processes: standard local gauge theory, where all
scales talk to each other due to locally defined gauge in-
variance, or the same-scale interaction proposed in this
paper. This subject needs further investigation, at least
it seems not less elegant than the existing finite-length
and non-commutative geometry models [45, 46].
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